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ABSTRACT
For a subset of a cardinal greater than ω1, fatness is strictly stronger than station-
arity and strictly weaker than being closed unbounded. For many regular cardinals,
being fat is a sufficient condition for having a closed unbounded subset in some generic
extension. In this work we characterize fatness for subsets of Pκ(λ). We prove that
for many regular cardinals κ and λ, a fat subset of Pκ(λ) obtains a closed unbounded
subset in a cardinal-preserving generic extension. Additionally, we work out the con-
flict produced by two different definitions of fat subset of a cardinal, and introduce a
novel (not model-theoretic) proof technique for adding a closed unbounded subset to
a fat subset of a cardinal.
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1Introduction
1. Motivation
Ideas explored in this paper saw their beginnings in the 1976 paper by Baumgart-
ner, Harrington, and Kleinberg, where they used forcing to show that being a station-
ary subset of ω1 is necessary and sufficient for obtaining a closed unbounded subset
in some cardinal-preserving generic extension. This humble two-page result was ex-
tended dramatically over the next twenty years. It has been shown that stationarity
does not play the same role in larger cardinals, but there is a stronger notion (dubbed
fatness), which does the job. Since then, fat subsets of cardinals were used in various
forcing arguments to build models of ZFC which add closed unbounded subsets. Fat-
ness was also explored for its own sake, and attempts were made to weaken it enough
to make it necessary, not just sufficient. This search, however, came to a stop when it
was shown that no adequate first-order characterization exists.
In this work we compare two incompatible definitions of fatness and provide yet
another definition in order to remove the disagreement for a large class of cardinals.
We then proceed to develop the idea of fatness in an entirely new context. Instead
of working with closed unbounded subsets of cardinals, we move into a much richer
space Pκ(λ) consisting of “small” subsets of cardinals. We formulate the notion of
being a fat subset ofPκ(λ) and then reproduce the classic result about adding a closed
unbounded subset.
22. Notation
All proofs are done in ZFC unless stated otherwise.
Lowercase Greek letters are ordinals, with κ and λ likely to be cardinals as well.
Uppercase Latin letters are typically sets.
 Cohen’s forcing relation
AC Axiom of Choice
CH Continuum Hypothesis
cf(α) The cofinality of α
Cof(κ) The class of ordinals with cofinality κ
GCH Generalized Continuum Hypothesis
Lim The class of limit ordinals
On The class of ordinals
ot(X ) The order type of a set of ordinals X
P (X ) The set of all subsets of X
Pκ(λ) The set of subsets of λ of cardinality below κ
Reg The class of regular cardinals
Sing The class of singular cardinals∐
Disjoint union
3. Closed Unbounded Sets
Let δ be a limit ordinal throughout this section.
DEFINITION 3.1. C ⊆ δ is closed in δ iff
∀α < δ((α 6= ; ∧ sup(C ∩α) = α)→ α ∈ C)
DEFINITION 3.2. C ⊆ δ is closed unbounded or club in δ iff C is closed in δ and
sup C = δ.
3DEFINITION 3.3. S ⊆ δ is stationary in δ iff S meets every club subset of δ.
DEFINITION 3.4. A subset X of δ accumulates on ordinals of cofinality κ iff X∩Cof(κ)
is stationary in δ.
Until the end of this section, suppose that λ >ω is regular. The following lemmas
are basic properties of club and stationary sets. [9, 3] [8, 91-93]
LEMMA 3.5. If γ < λ and 〈Cα : α < γ〉 is a sequence of sets club in λ, then⋂α<γ Cα is
club in λ. 
DEFINITION 3.6. If 〈Xα : α < δ〉 is a sequence of subsets of δ, then its diagonal
intersection is
{ξ < δ : ξ ∈⋂
α<ξ
Xα},
denoted by ∆α<δXα.
LEMMA 3.7. If 〈Cα : α < λ〉 is a sequence of sets club in λ, then ∆α<λCα is club is λ.

DEFINITION 3.8. A function f : X → On is regressive iff
∀α ∈ X − {;}( f (α)< α).
THEOREM 3.9 (Fodor [3]). If S is stationary in λ and f : S → λ is regressive, then
there is an α < λ such that f −1[{α}] is stationary in λ.
PROOF. For contradiction suppose that there is a sequence 〈Cξ : ξ < λ〉 of club sub-
sets of λ such that Cξ fails to meet f
−1[{ξ}] for each ξ < λ. Then C =∆ξ<λCξ is club
in λ and S ∩ C is stationary in λ. If β ∈ S ∩ C and β > ; then β is in each Cξ for each
ξ < β . This holds in particular for ξ= f (β)< β , but that contradicts our assumption
that Cξ is disjoint from f
−1[{ξ}]. 
4Every unbounded subset ofω is club, and every subset ofωwith finite complement
is stationary, but the situation is very different for subsets of uncountable cardinals.
If λ > ω is regular, then the family club(λ) of all supersets of club subsets of λ is
a filter over λ, but the same cannot be said for the family of stationary subsets of λ,
since stationary sets do not have to meet each other. To put it another way, club(λ)
fails to be an ultrafilter. Not only can we find disjoint stationary subsets of any λ, but
we can split any stationary subset of λ into λmany pairwise disjoint stationary subsets
of λ (Theorem 3.14 below). Solovay proved this in 1967 using saturated ideals, and
this proof appears in [11, 418], and a variant in [12], co-written with Tennenbaum.
Here we present a proof which closely follows Jech’s more recent approach [8, 94-95].
DEFINITION 3.10. For a regular λ >ω and a regular κ < λ let
Eλκ = λ∩Cof(κ).
Each Eλ
κ
is a stationary subset of λ, so if λ > ω1, then E
λ
ω
and Eλ
ω1
are stationary
and disjoint. The decomposition of λ = ω1 into disjoint stationary sets requires AC.
Without AC it is consistent, relative to large cardinals, that the club filter on ω1 is an
ultrafilter.
LEMMA 3.11. Every stationary subset of Eλ
κ
is a union of λ pairwise disjoint stationary
subsets of λ.
PROOF. Let W ⊂ {α < λ : cf(α) = κ} be a stationary subset of λ. For each α ∈ W ,
choose an increasing sequence 〈sαν : ν < κ〉 such that limν sαν = α. We claim that there
exists ν such that for all η < λ, the set
(3.1) {α ∈W : sαν ¾ η}
5is stationary. If not, then for every ν < κ there is ην and a club subset Cν of λ such
that
∀α ∈ Cν ∩W (sαν < ην).
If we let η = supν<κην and C = ∩ν<κCν , then sαν < η for all ν < κ and all α ∈ C ∩W ,
a contradiction.
So let ν be chosen so as to satisfy the set (3.1) being stationary for each η < λ.
Define on W the function f (α) = sαν . The function f is regressive, so for each η < λ
we find by Fodor’s Theorem 3.9 a stationary subset Sη of (3.1) and γη ¾ η such that
f (α) = γη on Sη. If γη 6= γη′ , then Sη ∩ Sη′ = ;, and since λ is regular, we have
|{Sη : η < λ}|= |{γη : η < λ}|= λ.

COROLLARY 3.12. Every stationary subset W of the set {α < λ : cf(α)< α} can be
split into λ disjoint stationary subsets of λ. Really, by Fodor’s Theorem there exists
κ < λ such that W ∩ Eλκ is a stationary subset of λ. 
The only remaining ingredient for Solovay’s result is the following lemma.
LEMMA 3.13. Let S be a stationary subset of λ and suppose every α ∈ S be a regular
uncountable cardinal. Then the set
T = {α ∈ S : S ∩α is not a stationary subset of α}
is stationary.
PROOF. To show that S meets every club subset of λ, fix an arbitrary C ∈ club(λ)
and let C ′ be the set of the limit points of C . C ′ is club in λ, so it will meet S and we
can let α= inf(S ∩ C ′). Since α is regular and a limit point of C , C ∩α is a club subset
6of α, and so is C ′ ∩ α. Since α is the least element of S ∩ C ′, C ′ ∩ α is disjoint from
S ∩α, and so the latter is a non-stationary subset of α. Hence α ∈ T ∩ C . 
THEOREM 3.14 (Solovay). Let λ be a regular uncountable cardinal. Then every sta-
tionary subset of λ is the disjoint union of λ stationary subsets of λ.
PROOF. Let A be a stationary subset of λ. By Lemma 3.11, its Corollary 3.12, and
Lemma 3.13 we may assume that the set W of all α ∈ A such that α is a regular
cardinal and A ∩ α is not stationary, is stationary. For each α ∈ W there exists a
continuous increasing sequence 〈sαξ : ξ < α〉 such that sαξ /∈ W for all α and ξ, and
α= limξ→α sαξ .
We claim that there exists ξ such that for all η < λ, the set
(3.2) {α ∈W : sαξ ¾ η}
is stationary in λ. Otherwise, for each ξ there is an ηξ and a club subset Cξ such that
sαξ < ηξ for all α ∈ Cξ ∩W if sαξ is defined. Let C = ∆ξ<λCξ. Thus if α ∈ C ∩W , then
sα
ξ
< ηξ for all ξ < α. Now let D be the club subset of all γ ∈ C such that ηξ < γ for all
ξ < γ. Since W is stationary, so is W ∩ D. Let γ < α be two ordinals W ∩ D. If ξ < γ,
then sαξ < ηξ < γ and it follows that s
α
ξ = γ. This is a contradiction since γ ∈ W and
sαξ /∈W .
So fix ξ such that the set (3.2) is a stationary subset of λ for all η < λ and define
f (α) = sα
ξ
. f is regressive, so for every η < λ find by Fodor’s Theorem 3.9 a stationary
subset Sη of (3.2) and γη ¾ η such that f (α) = γη on Sη. If γη 6= γη′ , then Sη∩Sη′ = ;,
and since λ is regular, we have
|{Sη : η < λ}|= |{γη : η < λ}|= λ.

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Adding Closed Unbounded Subsets of λ
1. Fatness
The story of fatness begins with the 1976 article by Baumgartner, Harrington, and
Kleinberg[2] (and an independent result by Jensen), where they show that a sta-
tionary subset of ω1 obtains a club subset in a cardinal-preserving generic extension.
When Abraham and Shelah tried extending this result to higher cardinals, they found
stationarity to be insufficient. They did, however, find a sufficient condition for a sub-
set of a regular cardinal such as ω2 to obtain a club subset in a similar manner, and
they called such subsets fat. This sufficient condition was shown to be stronger than
being stationary and weaker than being club. Unfortunately, not only fatness was no
longer necessary, but Sy Friedman and M.C. Stanley have shown that no satisfactory
first-order characterization exists[13][6]. In what follows, we recapitulate the results
related to fatness and forcing club sets, while introducing a new proof technique for
showing that cardinals are preserved in generic extensions.
Abraham and Shelah in [1] and Friedman in [7] give different definitions of fat
stationary as a sufficient condition for having a club subset in a cardinal-preserving
generic extension.
DEFINITION 1.1 (Abraham, Shelah). A subset S of a regular cardinal λ is fat station-
ary or simply fat iff for every club C ⊆ λ, S ∩ C has closed subsets of arbitrarily large
order types below λ.
8In the cited paper, Friedman gives a definition of fat stationary for a single case of
ω2.
DEFINITION 1.2 (Friedman). A subset S ⊆ ω2 is fat stationary iff S ∩ Cof(ω1) is
stationary in ω2 and
∀α ∈ S ∩Cof(ω1)(S ∩α contains a club subset of α).
We will not use the latter definition in this work, but we have a clear motivation
to weaken it by extending it to larger cardinals while preserving the flavor.
DEFINITION 1.3. Let λ be a cardinal, S ⊆ λ, and κ ∈ Reg∩λ. Then Fκ =F (λ, S,κ)
is the set of points α in S of cofinality κ, where S ∩α contains a club subset:
Fκ = {α ∈ S ∩Cof(κ) : S ∩α contains a club subset of α}.
The notion of Fκ paves a way to generalize Friedman’s definition.
LEMMA 1.4. If a subset S ⊆ ω2 is fat stationary according to Friedman, then Fκ =
F (ω2, S,ω1) is stationary in ω2.
PROOF. Fκ = S ∩Cof(ω), so there is nothing to do. 
Friedman asks for a reflection at every point with Cof(κ). We weakened this by
being OK with a stationary set of such reflections. We will show that fatness has
a characterization in terms of Fκ for a large class of cardinals. We will need the
following lemma:
LEMMA 1.5 (Abraham, Shelah). [1, 644] Let µ < λ, λ regular, and S ⊆ λ is such
that for every club C ⊆ λ, S ∩ C contains a closed subset of order type µ+ 1. Then for
any τ < µ+ and every club C ⊆ λ, S ∩ C contains a closed set of order type τ+ 1.
9PROOF. The case where λ = ℵ1 is taken care of by Harvey Friedman in [5], where
he shows that every stationary subset of ℵ1 is fat.
Fix a club C ⊆ λ and proceed by induction on τ. The successor stage is easy, so
assume that τ is a limit ordinal and the lemma is true for all ordinals below τ. Find a
club subset D ⊆ λ such that for any α ∈ D, β < α, and ξ < τ, there is a closed subset
of S ∩ C of order-type ξ+ 1, and it is contained in the interval (β ,α). Express τ as a
sum:
τ=
∑
i<µ′
ξi,
where µ′ < µ and ξi < τ. Then find a closed subset E of S∩D∩C of order-type µ′+1.
For each i ∈ µ′, consider the i-th interval of E and pick a closed subset of S ∩ C of
order-type ξi + 1. Put everything together (including E) to obtain a closed subset of
S ∩ C of order-type τ+ 1. 
THEOREM 1.6. If λ is a cardinal successor of a regular uncountable cardinal κ and
S ⊆ λ, then S is fat in λ iff Fκ =F (λ, S,κ) is stationary in λ.
PROOF. Suppose S is fat in λ and fix an arbitrary club subset C ⊆ λ. It would suffice
to show that C meets Fκ. By fatness, S ∩ C contains a closed set of order type κ+ 1,
and the supremum of this set must be in Fκ.
Conversely, suppose that Fκ is stationary in λ and fix an arbitrary club subset
C ⊆ λ. Due to the Lemma 1.1.5, it would suffice to show that C ∩ S contains a closed
set with order type κ+ 1. Since the set D of limit points of C is club, we can find an
α < λ such that α ∈ D ∩Fκ. Then S ∩α contains a club subset of α, and C ∩α is club
in α because α is a limit point of C . Hence the intersection S ∩ C ∩ α contains a club
subset of α, call it Cα. cf(α) = κ, and so we have ot(Cα ∪ {α})¾ κ+ 1. 
THEOREM 1.7. If λ > ω is a regular limit cardinal and S ⊆ λ, then S is fat in λ iff
Fκ is stationary in λ for cofinally many κ < λ.
10
PROOF. Suppose S is fat in λ. Fix an arbitrary club subset C ⊆ λ and fix an arbitrary
κ ∈ Reg, ω < κ < λ. It would suffice to show that C meets Fκ. By fatness, C ∩ S
contains a closed subset of order type κ + 1, let α be its sup. Since κ is regular,
cf(α) = κ, and moreover S ∩ C ∩ α contains a club subset of α, so we can conclude
that α ∈ Fκ ∩ C .
Conversely, suppose that Fκ = F (λ, S,κ) is stationary in λ for cofinally many
κ < λ. Fix C , an arbitrary club subset of λ. It would suffice to show that S ∩ C
contains closed subsets of arbitrarily high cofinality below λ. For any cofinality α < λ,
pick a regular κ > α so that Fκ is stationary in λ. For any γ ∈ C ∩Fκ we have that
γ ∩ S contains a club subset of γ, so γ ∩ S ∩ C contains a closed subset of cofinality
κ. 
LEMMA 1.8. If λ is the successor of a singular cardinal and S ⊆ λ, then S is fat in λ
only if Fκ is stationary for each κ ∈ Reg∩λ.
PROOF. Just like Theorem 1.1.7. 
LEMMA 1.9. A fat subset S ⊆ λ ∈ Reg accumulates on ordinals of every cofinality
below λ.
PROOF. Take an arbitrary club C ⊆ λ. By fatness, C ∩ S contains closed subsets of
every order type below λ, so for each κ < λ, κ ∈ Reg, C will meet S ∩Cof(κ). 
2. Nontriviality of Fatness
Every club set S ⊆ λ is clearly fat.
DEFINITION 2.1 (Abraham, Shelah). A fat set S ⊆ λ is non-trivial iff λ−S is station-
ary in λ. When this is the case, we say that S is co-stationary in λ and λ− S is co-fat
in λ.
11
Abraham and Shelah point out that non-trivial sets are easily created in the case
where λ is Mahlo, and also when λ= κ+ is a successor of a regular cardinal: the latter
case can be obtained with the help of Solovay’s splitting theorem 3.14.
LEMMA 2.2. A fat set S ⊆ λ = κ+, where κ ∈ Reg, splits as a disjoint union of a
stationary subset of λ and a fat subset of λ.
PROOF. Let S be as stated and let Fκ be the stationary set
{α ∈ S ∩Cof(κ) : S ∩α contains a club subset of α}.
By (3.14), Fκ = T0∐ T1, both stationary in λ. We just have to convince ourselves
that S − T0 is fat. So fix any α ∈ T1. It would suffice to show that S − T0 contains a
club subset of α. By fatness of S, S ∩α contains a club subset of α, but we need to be
careful not to include points from T0. Since cf(α) = κ ∈ Reg, we can choose a cofinal
sequence in α with order type κ. Shift the sequence up by one, so now it consists of
successors, but the order type is preserved. Close the sequence below α; in doing so,
it is impossible to add an ordinal from Cof(κ), since that would imply that the order
type of our sequence is greater than κ. What we get is a club subset of α which omits
Cof(κ). Hence S contains a club subset of α which omits Cof(κ), and the same set has
to omit T0. 
Note that T0 and T1 in the proof above are interchangeable, so actually both S−T0
and S − T1 are fat, and their intersection is stationary in λ by Lemma 1.1.9. The case
of λ being a Mahlo cardinal is similar.
LEMMA 2.3. If S ⊆ λ is fat and λ is Mahlo, then S has a co-stationary fat subset.
PROOF. Let S′ be the stationary set of regular cardinals below λ [8, 95]. It is easy
to see that S − S′ is still fat: fix any κ ∈ λ∩ Reg and any club C ⊆ λ. By fatness, find
12
a closed subset of C ∩ S with order type κ+ 1, and choose it so that κ is left below.
This closed subset cannot contain any regular cardinals, so it must be in S− S′, which
therefore must be fat. 
With Solovay’s theorem in mind, one may be enticed to try to split a fat set into
disjoint fat sets, but it comes out that the stationary intersection we obtained above
was not an accident. First, a helpful lemma.
LEMMA 2.4. Let S0, S1 be fat subsets of λ ∈ Reg. If S0∩S1 is non-stationary in λ, then
we can find two disjoint fat subsets of λ.
PROOF. The intersection of a fat subset S ⊆ λ and a club subset C ⊆ λ has to be fat:
for any club D ⊆ λ, C∩D is club, and (S∩C)∩D = S∩(C∩D). Now just choose a club
C which omits S0 ∩ S1 and immediately obtain disjoint fat sets C ∩ S0 and C ∩ S1. 
CONJECTURE 2.5. Let S0, S1 be fat subsets of λ ∈ Reg. Then S0 ∩ S1 is stationary in
λ.
3. Fatness for fatness’ sake
In his 2003 paper [10], Krueger explores fatness for its own sake. He notes that
for the case λ= κ+ where κ is regular and uncountable, the existence of “non-trivial”
fat subsets of λ is independent of ZFC. This is OK because his definition of non-trivial
is different from ours. What Krueger calls trivial we will call simple.
DEFINITION 3.1. A fat subset S ⊆ λ is simply fat iff λ− S is either a stationary set
with every element having the same cofinality, or almost contains such a set modulo
clubs.
Krueger goes on to show that for any inaccessible λ and for every λ= κ+ where κ
is singular, there are non-simply fat subsets of λ. Any co-stationary subset of λ can be
13
enlarged to a non-simply fat set, and in other words, any stationary set can be thinned
out to become co-fat stationary. This result is a corollary of
THEOREM 3.2 (Krueger). [10, 841] Let λ be either weakly inaccessible or λ = κ+
where κ is a singular cardinal. If S is fat in λ and NSλ  S is saturated, then S is co-fat.

But when κ is regular, the question about the existence of non-simply fat subsets
is independent of ZFC. In particular, he shows that on one hand, non-simply fat sets
can be obtained in L.
PROPOSITION 3.3 (Krueger). Let λ = κ+ where κ is an uncountable regular cardi-
nal. If κ holds, then every stationary subset of λ contains a stationary co-fat subset,
and therefore non-simply fat subsets of λ exist. 
On the other hand, it is consistent relative to large cardinals that every subset of a
successor of a regular cardinal fails to be non-simply fat.
4. Shooting a club
THEOREM 4.1 (Abraham, Shelah). [1, 645] Let λ be either strongly inaccessible car-
dinal or the successor of a regular cardinal κ such that κ = κ<κ. Let S ⊆ λ be fat. Then
there is a poset P such that
(1) forcing with P adds a club C ⊆ S,
(2) no new sets of size < λ are added, and hence cardinals and cofinalities ¶ λ are
preserved in the generic extension,
(3) |P|= 2<λ, so if 2<λ = λ, then cardinals above λ are preserved.
PROOF. Let P consist of subsets of S that are closed and bounded in λ. P is ordered
by the end extension, so that q ¶ p iff q ∩ (sup(p) + 1) = p.
14
Forcing with P adds a club subset to S just as in the cited proof. The hard part is
to show that cardinals and cofinalities ¶ λ are preserved. To do so, we will prove that
every family of cardinality τ < λ of open dense sets of conditions has an open dense
intersection [8, 228].
DEFINITION 4.2. Let D′ ⊆ P be a dense set of conditions. Say that D′ is slim iff for
any α < λ there are fewer than λ conditions p ∈ D′ such that p ⊆ α.
LEMMA 4.3. For every dense set D ⊆ P of conditions there is a slim dense D′ ⊆ D.
PROOF. Since λ<λ = λ, we can order P into a sequence 〈pα : α < λ〉. For each pα,
choose qα ∈ D such that qα ¶ pα and
sup(qα)> sup(∪β<αpβ),
and let D′ be the set of all such qα. 
DEFINITION 4.4. Given a limit ordinal α < λ, say that a condition p is under α iff
sup(p)< α.
DEFINITION 4.5. Given a ¾-sequence of conditions 〈pγ : γ < β < λ〉, the limit of the
sequence is ⋃
γ∈β
pγ ∪ {sup
⋃
γ∈β
pγ},
as long as it is a condition. The limit fails to exist when the union of conditions is not
closed in λ, or when the supremum of the union is not in S.
DEFINITION 4.6. Given a sequence 〈D′ι : ι < τ〉 of slim dense sets of conditions, call
a limit α < λ a fixed point of D′ξ iff for every β < τ, and every condition p under α
which is a limit of some
〈pγ : pγ ∈ ∪ι∈τD′ι ∧ γ < β〉
15
and any δ < α, there is a condition q ¶ p under α such that q ∈ D′ξ and sup q > δ.
Call a limit point α a fixed point of the sequence 〈D′ι : ι < τ〉 iff it is a fixed point of
D′ι for every ι ∈ τ.
LEMMA 4.7. Every sequence 〈D′ι : ι < τ < λ〉 of slim dense sets of conditions has a
corresponding set of fixed points which is club in λ.
PROOF. Fix arbitrary τ < λ and 〈D′ι : ι < τ〉. Consider an arbitrary D′ξ. The set of
fixed points of D′ξ is clearly closed. To show it is unbounded, assume otherwise: either
we run out of points where limits of conditions are extensible, or we run out of points
where extensions are unbounded.
Assume the former: for every limit ordinal α < λ (above a certain point, so no
generality is lost), there is an offending condition p under α such that every extension
of p by a q ∈ D′ξ fails to be under α. Define a regressive function f by sending each
limit α < λ down to the supremum of an offending condition (choosing one is easy).
This function f will be constant on a stationary subset of λ, so let γ be a point with
a stationary preimage. How many different offending conditions have supremum γ?
Consider the cases. If λ is strongly inaccessible, then there are < λ conditions under
α, and so of course < λ offenders. On the other hand, let λ = κ+. Without loss of
generality, let τ= κ. Each limit condition is a closed-off union of < κ conditions from⋃
ι<κ D
′
ι, so the cardinality of the set of limit conditions under α is at most κ
<κ = κ < λ.
Hence there are < λ offenders. But the preimage of f has cardinality λ, so we are
looking at a single offending condition p with sup(p) = γ such that no extension of p
in D′
ξ
is under α, for each α in an unbounded subset of the preimage of γ under f .
But then p has no extension in D′ξ, a contradiction.
Now assume the latter: for every limit ordinal α < λ (above a certain point, so
no generality is lost), there is an offending condition p under α such that for a fixed
16
δ < α and every extension of p by a q ∈ D′ξ, q under α, we have sup q < δ. Define
a regressive function f to press down from α to δ. As before, there can only be < λ
different offenders under δ, so there is a single offending condition p under δ such
that for each α in an unbounded subset of λ, every extension q ∈ D′
ξ
of p under α has
sup q < δ. But this contradicts the assumption that D′ξ is dense.
So the set of fixed points of D′
ξ
is club in λ for each ξ < τ. The intersection of
τ clubs sets of λ is club (3.5), and hence there is set of fixed points of the sequence
〈D′ι : ι < τ〉 which is club in λ. 
Now fix arbitrary p ∈ P, τ < λ, and a family of open dense sets 〈Dι : ι < τ〉 of
conditions. The intersection of a family of open sets is open, so it would suffice to
show that it is dense, meaning that p has an extension in the intersection of members
of 〈Dι : ι < τ〉. Let 〈D′ι : ι < τ〉 be the corresponding sequence of slim dense sets and
have a club set of its fixed points meet S at α ∈ S∩Cof(τ), where D′0 has an extension
of p under α, and S∩α subsumes A, a club subset of α. Why should that be possible? If
λ is a regular limit, then without loss of generality, τ is one of the (regular) cardinals
from Theorem 1.1.7. On the other hand, if λ = κ+ where κ ∈ Reg, then take τ = κ at
its highest and use Theorem 1.1.6.
Make a τ-sequence of conditions 〈pι : ι < τ〉 where each pι is under the fixed point
α: choose p0 ¶ p, p0 ∈ D′0; let pι+1 ∈ D′ι+1 be the condition which extends pι and
overtakes a member of A (choose the first one in some fixed well-ordering of P).
For a limit ι let pι ∈ D′ι be an extension of the closed-off union of all the previous
conditions in the sequence. Because all the conditions leading up to pι were inter-
leaved with members of A, the supremum of their union is a point of A, and hence
the union together with its supremum is a condition. Finally, crown
⋃
ι<τ pι with α to
obtain a condition in the intersection of {Dι : ι < τ}.
END OF PROOF OF 1.4.1. a
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THEOREM 4.8 (Abraham, Shelah). [1, 646] If ℵω is a strong limit cardinal and
S ⊆ ℵ+ω is fat, then there is a forcing which adds a club subset to S without adding new
subsets of size ¶ ℵω, and the cardinality of the forcing poset is 2ℵω . 
Abraham and Shelah improve these results further by discarding the GCH require-
ment.
THEOREM 4.9 (Abraham, Shelah). [1, 647] If S ⊆ ℵ1 is stationary, then there is a
poset P such that forcing with P adds a club to S, does not collapse ℵ1, and |P|= ℵ1. 
THEOREM 4.10 (Abraham, Shelah). [1, 647] If λ = κ+, κ¶κ = κ, and S ⊆ λ is fat,
then there is a poset P such that forcing with it adds a club to S, does not collapse any
cardinals, and does not add new sets of size < κ. 
In [7], Friedman forces a club to a fat subset of ω2 with finite conditions.
LEMMA 4.11. Let κ be a regular uncountable cardinal and let S ⊆ κ. Suppose that
for any θ = cf(θ) < κ, the set S ∩ Cof(θ) is almost all of Cof(θ) (that is, Cof(θ)− S is
non-stationary). Then S is fat.
PROOF. Assume the premise and for each θ = cf(θ) < κ, let Cθ ⊆ κ be a club set
which avoids Cof(θ)− S. If κ is a successor cardinal, let C = ⋂θ∈Reg Cθ . Then C is
club and C ⊆ S, making S fat.
If κ is a limit cardinal, then let θα, α < θ , enumerate regular cardinals below κ,
and obtain the club set
C =∆α<κCθα
It would suffice to show that we can pick an arbitrary club C ′ and find in S ∩ C ∩ C ′
closed sets of arbitrarily high order type. So fix an arbitrary order type µ < κ and then
a regular cardinal ν < κ such that ν > µ. Note that nothing in µ can possibly have
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cofinality ν or above. Consider the piece of C above ν . Any ξ ∈ C − ν with cf(ξ) < ν
has to be in
⋂
α<ν Cθα , and hence in S. So we can thin out C by intersecting it with an
arbitrary club, and still find a closed subset with order type µ. 
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CHAPTER 2
Adding Closed Unbounded Subsets of Pκ(λ)
1. Motivation
In this chapter we extend the results about adding a club subset to a different
context. We replace the club filter on a cardinal with a club filter on Pκ(λ) and
create a new notion of fatness, which is stronger than stationarity but no stronger
than clubness. We then show how a fat subset of Pκ(λ) obtains a club subset in a
generic extension.
The proof of this main result resembles closely our proof of 1.4.1. We use the
same technique with slim dense sets of conditions and fixed points to construct a long
¾-sequence of conditions through a family of open dense sets.
2. Definitions
Jech generalized the notion of being closed unbounded to Pκ(λ) as follows.
DEFINITION 2.1. (Jech) For any set A and any cardinal κ
Pκ(A) = {x ∈ P (A) : |x |< κ}.
If S ⊆Pκ(λ), where κ¶ λ are regular uncountable cardinals, then
• S is unbounded in Pκ(λ) iff ∀x ∈ Pκ(λ)∃y ∈ S(x ⊆ y).
• S is closed inPκ(λ) iff it is closed under increasing unions of short⊆-sequences,
i.e. iff for any β < κ and any sequence 〈xγ ∈ S : γ < β〉 where α ¶ γ implies
xα ⊆ xγ, we have ∪γ<β xγ ∈ S.
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• S is club in Pκ(λ) iff it is closed in Pκ(λ) and unbounded in Pκ(λ).
• S is stationary in Pκ(λ) iff it meets every club subset of Pκ(λ).
3. Fatness in Pκ(λ)
Let κ, µ, and λ be regular cardinals, ω < κ ¶ µ < λ. Throughout this section we
will refer to the members of Pκ(λ) as points.
DEFINITION 3.1. Let X be a subset of Pκ(λ). The bar of X is
X = sup∪X .
DEFINITION 3.2. Given a limit ordinal α ∈ λ, say that X ⊆ Pκ(λ) is under α iff
X < α.
DEFINITION 3.3. Let S ⊆ Pκ(λ). A chain in S is a set of members of S linearly
ordered by ⊆. An antichain in S is an antichain with respect to ⊆, that is, a set
of pairwise incomparable elements. An antichain that is not a proper subset of any
antichain is called maximal.
THEOREM 3.4 (Delicious). Let κ < λ be regular cardinals. Every unbounded U ⊆
Pκ(λ) has an antichain of cardinality λ.
PROOF. If not, then fix an arbitrary maximal antichain c0 ⊆ U , with |c0| < λ. Then
c0 < λ, the set
U1 = {X ∈ U : sup X > c0}
is unbounded in Pκ(λ), and so we can find c1, a maximal antichain in U1. While c1
may fail to be a maximal antichain of U , it will at least be an antichain of U . So
|c1|< λ. Repeat the process κ times: at a limit point α let
Uα = {X ∈ U : sup X > ∪γ<αcγ}.
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Each antichain cα, α < κ, is of cardinality < λ, so | ∪α<κ cα| < λ, and there are more
points of U left above. Pick an arbitrary Y ∈ U with
sup Y > ∪α<κcα.
Then there is Xα ∈ cα for each α < κ with Xα ⊆ Y , and hence ∪α<κXα ⊆ Y . By
construction, each successive Xα adjoins at least one more ordinal to the union, so the
cardinality of Y cannot be < κ, which is a contradiction. 
DEFINITION 3.5. A subset p of Pκ(λ) reflects to a club at A⊆ λ iff p ∩Pκ(A) is club
in Pκ(A).
DEFINITION 3.6. X ∈ Pκ(λ) trims to a club subset p ⊆ Pκ(α), α < λ, iff X ∩ α is
either empty or is a member of p.
DEFINITION 3.7. A club subset p of Pκ(α) trims to a club subset q of Pκ(β) iff every
X ∈ p trims to q.
DEFINITION 3.8. A subset S of Pκ(λ) is fat stationary or simply fat iff S is stationary
in Pκ(λ) and there is a sequence of slices sα ⊆ S, α ∈ I ⊆ λ, with the following
properties:
(1) each sα is a club subset of Pκ(α),
(2) each sα trims to each sβ for β < α,
(3) there is a stationary F ⊆ I which accumulates on ordinals of arbitrarily high
cofinality below λ, and for any α ∈ F , the set sα has a sequence of subsets sβ ,
where β ascends cofinally to α.
DEFINITION 3.9. Let the set of conditions P be a partial ordering consisting of closed
subsets of S of cardinality < λ, and let q ¶ p iff p ⊆ q and for any Y ∈ q− p we have
sup Y > p and Y trims to each sα for α < p.
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DEFINITION 3.10. A pre-condition is a ¾-sequence of conditions
〈pγ ⊆ S : γ < β ∈ λ∩ Lim〉
such that the closure in Pκ(λ) of the union of the sequence elements is a subset of S.
In order to improve readability, we will abuse the notation. Given a pre-condition
p of length β , we write p to denote ∪γ<β pγ. Likewise, we say that p is under α to
denote that ∪γ<β pγ is under α. And if q is a condition, we write q ¶ p to denote that
q ¶ pγ for each γ < β .
LEMMA 3.11. Every condition can be extended to include a superset of any arbitrary
X ∈ Pκ(λ).
PROOF. Fix any condition p and take any sα with α > p. Since sα is club in Pκ(α),
we can find Y ∈ sα with sup Y > p and X ⊆ Y . 
LEMMA 3.12. Closing off a pre-condition p yields a condition q ¾ p.
PROOF. Let p be a pre-condition of length β ∈ Lim. Closing off p can add new
points, and every new point X is a union of some Xα ∈ pα, with α ∈ J , a cofinal subset
of β . Because of that, sup X > pα for each α < β , and it suffices to show that X trims
to every sγ for γ < p. So fix any such sγ. Then for all high enough α, Xα trims to sγ,
and so the union of all γ∩ Xα will be in the club sγ. 
THEOREM 3.13. Let λ be either strongly inaccessible cardinal or the successor of a
regular cardinal µ such that µ= µ<µ. Let κ < λ be a regular cardinal such that κ<κ = κ.
Let S ⊆Pκ(λ) be fat. Then there is a poset P such that
(1) forcing with P adds a club C ⊆ S,
(2) no new sets of size < λ are added, and hence cardinals and cofinalities ¶ λ are
preserved in the generic extension,
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(3) |P|= 2<λ, so if 2<λ = λ, then cardinals above λ are preserved.
PROOF.
Force with P and consider ∪G, the union of the generic filter.
CLAIM 3.14. ∪G is unbounded.
PROOF. G intersects every dense set of conditions, so it would suffice to show that
for every condition p ∈ P and every X ∈ Pκ(λ), there is a condition q ¶ p and Y ∈ q
with X ⊆ Y . But this is given by lemma 2.3.11. 
To see that ∪G is closed, we will first prove that compatibility implies comparabil-
ity.
LEMMA 3.15. G is linearly ordered by ⊆ and any p, q ∈ G are comparable.
PROOF. Any two conditions in a filter are compatible. If there are p, q ∈ G such that
neither of them is a subset of the other, then let r ∈ G be a common extension. Take
Y ∈ q− p, it has to be a member of r ¶ p, and hence sup Y > p. By the same token, if
X ∈ p− q then sup X > q, which is nonsense. Without loss of generality, let p ⊆ q.
Now take any Y ∈ q − p. Since Y ∈ r ¶ p, the restrictions in 2.3.9 are satisfied,
and therefore q ¶ p. 
CLAIM 3.16. ∪G is closed.
PROOF. Fix an arbitrary β < κ and any ⊆-sequence 〈Xα ∈ ∪G : α < β〉. We need to
show that the limit is also a member of ∪G. Consider the sequence of conditions
〈pα ∈ G : α < β ∧ Xα ∈ pα〉.
Since ∪G is unbounded, find a condition q ∈ G with
q > sup{pα : α < β}.
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By lemma 2.3.15, q extends pα for each α < β and is a superset of each, and hence
Xα ∈ q for each α < β . Finally, q is closed, so the limit of the sequence
〈Xα ∈ ∪G : α < β〉
must be in q and therefore also in ∪G. 
It remains to show that forcing with P does not make cardinals collapse. The
cardinality of P is λ, so cardinals > λ cannot collapse. To prove that cardinals ¶ λ are
preserved, we will show that every family of size < λ of open dense sets of conditions
has an open dense intersection ([8, 228]).
DEFINITION 3.17. Let D′ ⊆ P be a dense set of conditions. We say that D′ is slim iff
for any α < λ there are fewer than λ conditions p ∈ D′ such that p ¶ α.
LEMMA 3.18. For every dense set D ⊆ P of conditions there is a slim dense subset
D′ ⊆ D.
PROOF. Since λ<λ = λ, order all λ conditions in P into a sequence, and for each
condition pα find an extension qα ∈ D with qα > qβ for each β < α. The set D′ is the
collection of all such qα for α < λ. 
DEFINITION 3.19. Given a regular τ < λ and a sequence 〈D′
ι
: ι < τ〉 of slim dense
sets of conditions, call a limit α < λ a fixed point of D′ξ iff for every condition p under
α which is a closed-off pre-condition on members of D′ι, and any slice β < α, there is
a condition q ¶ p under α such that q ∈ D′ξ and q > β .
Call α a fixed point of the sequence 〈D′ι : ι < τ〉 iff it is a fixed point of each D′ι for
ι < τ.
LEMMA 3.20. Given a regular cardinal τ < λ, every sequence 〈D′
ι
: ι < τ〉 of slim
dense sets of conditions has a corresponding set of fixed points which is club in λ.
25
PROOF. The set of fixed points of D′ξ is clearly closed, so we assume it is bounded
and derive a contradiction.
Suppose that for every sufficiently large α < λ, we can find a condition p under
α and an ordinal β < α such that no suitable extension of p by q is under α. Have
a regressive function f send α down to β . Each p is a closed-off precondition on
members of D′
ι
, and so determined by a sequence of length τ < λ of members of D′
ι
under β , of which there are < λ by slimness. So there are < λ offending conditions,
and hence there is a particular condition p and a particular β such that no suitable
extension of p can be found below α, for α < λ arbitrarily high. This contradicts the
assumption that D′ξ is dense, and therefore the set of fixed points of D′ξ is club in λ.
The intersection of τ club sets of λ is club, so λ has a club subset of fixed points of
the sequence 〈D′ι : ι < τ〉. 
Now fix an arbitrary condition p ∈ P, an ordinal τ < λ, and a family of open dense
sets 〈Dι : ι < τ〉 of conditions. It would suffice to show that p has an extension in the
intersection of members of 〈Dι : ι < τ〉. Let 〈D′ι : ι < τ〉 be the corresponding sequence
of slim dense sets and have the club set of its fixed points meet the stationary set F
from the definition 2.3.8. Without loss of generality, consider the points of intersection
from Cof(τ), where τ = µ (if λ = µ+), or τ is a regular cardinal of arbitrarily high
cofinality below λ (if λ is strongly inaccessible). Out of these, pick α such that p has
an extension in D′0 under α.
Make a τ-sequence of conditions 〈pι : ι < τ〉 where each pι is under the fixed point
α. Recall that sα has subsets which are slices sβ where β rises cofinally up to α. Choose
p0 ¶ p, p0 ∈ D′0. Let pι+1 ∈ D′ι+1 be the condition which extends pι and reaches above
some slice sβ . At a limit ι, let pι be an extension of the closed-off union of the pre-
condition ∪δ<ιpδ.
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This is a pre-condition because any sequence of points in the union either gets
stuck in one of the conditions, or is interleaved with members of a club subset sα ⊆
Pκ(α). This works because every time we extend beyond a slice sβ , all the points
adjoined in further extensions have to trim to sβ . To be concrete, let’s take any point
X in the union of a sequence of conditions pδ, δ < ι. Then there is Z ⊇ X from a
condition further in the sequence such that Z trims to sβ , β > sup X . But then there is
an element Y of sβ with X ⊆ Y ⊆ Z .
Finally, we obtain a ¾-sequence of conditions pι ∈ D′ι for ι < τ, that is, for any
η < ι < τ we have pι ¶ pη. By lemma 2.3.12 the union q of all pι is a condition
extending each pι, and hence q is in the intersection of all open dense sets Dι for
ι < τ.
END OF PROOF OF 2.3.13. a
4. Nontriviality of Fatness
As with any strengthening of stationarity, there is a considerable danger that the
new notion with imply clubness, and here we address this issue.
First, some helpful results about reflections of a closed set.
THEOREM 4.1. Let κ < λ be regular cardinals and X an arbitrary club of Pκ(λ). If
κ<κ = κ, then the set Y ⊆ Pκ+(λ) of points where X reflects to a club is itself club in
Pκ+(λ).
PROOF. To show that Y is closed, fix a ⊆-sequence 〈Rα : α ∈ κ〉, where X reflects at
each Rα. Suffices to prove that X reflects at R =
⋃
α∈κ Rα, that is, X ∩ Pκ(R) is club
in Pκ(R). Let xβ be a ⊆-sequence of length γ < κ of sets in X ∩ Pκ(R). Then the
cardinality of x = ∪β∈γxβ is < κ, so x ⊆ Rα for a particular α. Since X reflects at Rα,
xβ must be closed in Pκ(Rα), and so x ∈ X , and X ∩Pκ(R) is closed. Similarly, for any
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x0 ∈ Pκ(R), there is a particular α such that x0 ⊆ Rα, and so there is x ∈ X ∩Pκ(Rα)
with x0 ⊆ x , and hence X ∩Pκ(R) is unbounded in Pκ(R).
Y is unbounded: take any Z0 ⊆ λ with |Z0| ¶ κ, then for each z ∈ Pκ(Z0) find
x ∈ X with z ⊆ x . There are at most κ such x , so their union Z1 has cardinality at
most κ. Keep going like this, take unions at limit stages, and in the end let A = Zκ.
Then |A|¶ κ and X ∩Pκ(A) is club in Pκ(A). 
COROLLARY 4.2. Let κ be a regular cardinal, λ = κ+, and let X be a union of club
subsets of Pκ(α) for stationarily many α ∈ I ⊆ λ. Then X is stationary in Pκ(λ).
DEFINITION 4.3. A stationary subset S ⊆ Pκ(λ) is non-reflecting iff for any α < λ,
the set S ∩Pκ(α) is thin in Pκ(α).
The idea is to use the existence of a non-reflecting set to stitch up a fat set out
of little club subsets of α ∈ λ, where each such club set avoids a fixed non-reflecting
stationary set. We can move in this direction step by step.
CONJECTURE 4.4. Let λ be strongly inaccessible or κ < µ < λ, all regular cardinals.
If there exists a non-reflecting stationary subset of Pκ(λ), then there is a co-stationary
subset of Pκ(λ), which is fat sans the trim condition (2.2).
CONJECTURE 4.5. Let κ be a regular cardinal and λ = κ+. If there exists a non-
reflecting stationary subset of Pκ(λ), then there is a co-stationary subset of Pκ(λ),
which is fat sans the trim condition (2.2).
CONJECTURE 4.6. Let λ be strongly inaccessible or κ < µ. If there exists a non-
reflecting stationary subset of Pκ(λ), then there is a co-stationary subset of Pκ(λ),
which is fat sans the reflection condition (2.3).
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CONJECTURE 4.7 (Closed Reflection). Let κ < λ be regular cardinals and let X ⊆
Pκ(λ) be a club subset of Pκ(α) where α < λ and cf(α) ¾ κ. Then X reflects down
(2.3.5) on a club subset of α.
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CHAPTER 3
Future Directions
In this final chapter we will list possible directions for further inquiry, as well as
obvious generalizations of results concerned with fat sets.
1. Generalizations Concerning Triviality
The following are generalizations of results highlighted by Krueger.
CONJECTURE 1.1. If κ = δ+ = γ++, γ ∈ Reg, then S is fat in Pκ(λ) iff there is
a stationary F ⊆ S such that every X ∈ F has cf(sup X ) = δ and there is a closed
increasing ⊆-sequence
〈xα ⊆ S : α < δ ∧ cf(sup xα) = γ〉
with
⋃
α<δ xα = X .
DEFINITION 1.2. (Krueger) An ideal I on Pκ(λ) is saturated iff it is λ+-saturated.
CONJECTURE 1.3. If S is a stationary subset of Pκ(λ) such that the non-stationary
ideal on Pκ(λ) restricted to S is saturated, then S is co-fat.
CONJECTURE 1.4. Any stationary subset of Pκ(λ) can be thinned out to a stationary
co-fat set.
2. Generalization of Clubness
Instead of working with Jech’s notion, we could opt to use a more general notion
of being club due to Matthew Foreman. [4, 911]
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DEFINITION 2.1. Let X be any base set. Define a structure A = 〈X , fn〉n∈ω where
each fn : X
k→ X for some k ∈ω. Without loss of generality, assume that fn is an n-ary
function. For such an algebra A, let CA be the collection of all z ⊆ X closed under all
of the functions fn. Then CA is strongly closed unbounded and the filter generated by
the collection of all such CA is the strongly closed unbounded filter on P (X ).
LEMMA 2.2. (Foreman) The filter F of strongly closed unbounded sets is normal and
fine. [4, 912] 
The traditional club filter can be easily recovered in this new setting.
LEMMA 2.3. (Foreman) The club filter on Pκ(λ) in the sense of Jech is the filter on
Pκ(λ) generated by the strongly club filter and the set {x : x ∩ κ ∈ κ}. [4, 914] 
3. Generalization of Fatness
The notion of being fat inPκ(λ), the way we defined it, hinges on the availability of
a sequence of slices, which are club subsets of α ∈ λ, and moreover on the existence of
especially “rich” slices for stationarily many α ∈ λ. This notion can also be reworked
by removing all mentions of a club filter on λ. We could ask, for example, for a
stationary subset I of Pλ(λ) and have slices be club subsets of set A∈ I .
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